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In this study, a deterministic compressible solver is coupled to a nonintrusive stochastic spectral projection method
to propagate several aerodynamic uncertainties through a transonic steady flow around a NACA0012 airfoil. The
stochastic model is solved in a generalized polynomial chaos framework. This approach combines the advantage of
not modifying the existing deterministic solver while maintaining accurate representations of the stochastic solution
and its statistics. The major difficulty of this work is to deal with deterministic transonic flows for which
aerodynamics nonlinearities are reported in the uncertain probabilistic space. The efficiency of the present
methodology are evaluated for the propagation of random disturbances associated with the angle of attack and the
freestream Mach number. An error analysis is carried out in order to determine appropriate physical and stochastic
discretization levels. Different stochastic flow regimes are analyzed in details by means of various postprocessing
procedures, including error bars, probabilistic density function of the aerodynamic field, and Sobol’s coefficients.

I. Introduction

HE development of design methodologies with minimum
sensitivity to inherent fluctuations of the operating conditions or
to the manufacturing process is of crucial importance in aerospace
engineering. Nonlinear aerodynamic or aeroelastic systems subject
to random parameters can result in poor offdesign performances or
may exhibit losses of dynamic stability due to the presence of
stochastic limit cycle oscillations (LCOs). Uncertainty quantification
plays an important role in reliability assessment. It is essentially a
study of variabilities, their reduction, their description, and their
consequences. Such analysis can be viewed as the determination of
error bars to be assigned to the numerical solution algorithms, and its
application is of great importance in reliability assessment. Classical
Monte Carlo or quasi-Monte Carlo simulations can provide statis-
tical moments and probability density functions of some outputs of
interest such as the pitch amplitude response of LCO. However, such
approaches become impractical when each sample realization results
from high-fidelity computational fluid and structural dynamics tools.
Probabilistic collocation methodologies are promising candidates to
get more insights into physical mechanisms of flutter and LCO [1,2]
with affordable computational cost [3—3]. These studies are generally
based on the use of ad hoc inviscid linear aerodynamics, and the
stochastic response of the system is governed by the uncertainties
associated with the nonlinear structural stiffness coefficients [3,6].
Another challenging and complementary task is the development
of a numerical method for stochastic fluid—structure interaction
problems based on computational fluid dynamics (CFD) tools. Here,
the aim is to characterize the effect of variabilities in the operating
conditions when the aerodynamic operator is strongly affected by
nonlinearities due to transonic effects [7] or dynamic stall effects [§].
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For the sake of convenience, the influence of the aeromechanical
coupling is often neglected in this case.

Probabilistic CFD methods are increasingly used for uncertainty
quantification of incompressible flow simulations due to inherent
random parameter [9—12]. But very few papers deal with stochastic
compressible flows. Such studies are particularly problematic
because strong nonlinearities and discontinuities associated with the
compressible flow features are reported in the uncertain probabilistic
space. Mathelin et al. [13] have applied the Galerkin polynomial
chaos (PC) representation to quasi-one-dimensional supersonic
nozzle flow with uncertainty in inlet conditions and geometry. For
this problem, they have proposed to map their probabilistic space to a
substitute space in which they perform a Lagrange interpolation.
However, this collocation technique, though reducing the computa-
tional burden associated with high-order nonlinearities, downgrades
the accuracy of the representation. Some work in the supersonic
regime has also been performed by Lin et al. [14] dealing with 2-D
Euler equations for a stochastic wedge flow (random inflow velocity
and random oscillations of the wedge around its apex). They use a
multi-element generalized polynomial chaos method with Legendre
polynomial basis and uniform distributions to solve the two-
dimensional stochastic Euler equations. A Galerkin projection is
employed in the random space and weighted essentially non-
oscillatory discretization is used in the physical space. Their analysis
shows that the shock wave stochastic response can induce important
changes in the mean-flow structure. More recently, Poétte et al. [12]
have proposed a stochastic intrusive approach to tackle shocks in
compressible gas dynamics. Their generalized polynomial chaos
(gPC)-based technique relies on the decomposition of the entropic
variable of the flow and does not require a special discretization of the
random space. They have applied their technique to the case of the
Sods shock-tube problem with uncertainty carried on the initial
interface position between the light and the heavy fluid. Hosder et al.
[15] have treated the cases of inviscid shock wave and expansion
wave problems with geometric uncertainty and the case of a laminar
boundary-layer flow over a flat plate with uncertain viscosity. In all
cases, the uncertainty was modeled as a single Gaussian random
variable and Hermite polynomials were chosen for the chaos basis.
The accuracy of their point-collocation nonintrusive polynomial
chaos method applied to multiple uniform random variables has been
studied in Hosder et al. [16]. Loeven et al. [7] have made use
of a deterministic compressible Reynolds-averaged Navier—Stokes
(RANS) code that is coupled to a probabilistic collocation solver to
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propagate freestream aerodynamic (Mach number) uncertainty
through a subsonic steady flow around a NACA0012 airfoil. The
Mach number takes a uniform distribution form with a 5% coeffi-
cient of variation and the angle of attack is deterministic, « = 5 deg.
The stochastic solution converges fast and exhibits no spatial
discontinuity.

In this study, deeper investigations on the stochastic flow around a
NACAO0012 are proposed for the propagation of multiple aerody-
namic uncertainties through transonic flows with possibly separated
shear layers. The uncertain parameters under consideration in the
numerical simulations are the freestream Mach number and the angle
of attack. The variability of these parameters can be attributed to
inherent randomness due to freestream turbulence and/or aeroelastic
deformations of the structure. The objective of this work is twofold.
First, we intend to demonstrate the efficiency and robustness, as well
as to point to the limitations, of the nonintrusive stochastic projection
approach of uncertainty quantifications with flows presenting shock
waves and separation regions. Second, we intend to highlight the
potential importance of considering multiple uncertainties, with
possibly different random distributions, on the stochastic response of
the system. Stochastic results are analyzed in detail by means of
various postprocessing of the stochastic aerodynamic field, including
error bars, probabilistic density function, sensitivity analysis by
means of Sobol’s coefficients, and covariance.

II. Uncertainty Quantification Methodology

Classic approaches for stochastic differential equations include
Monte Carlo (MC) methods that collect ensemble solution reali-
zations for prescribed ensemble random inputs. Although the con-
vergence rate of MC is slow, it is very convenient, as it only requires
running the deterministic solver repetitively and does not depend on
the stochastic dimensionality of the problem. Several sampling
techniques have been developed to speed up the convergence rate,
but ideally, one would like to achieve faster convergence while
keeping MC flexibility. Some recent nonintrusive stochastic methods
seem to be good alternatives to MC methods.

A. Nonintrusive Stochastic Methods

Let us first make a finite-dimensional noise assumption that allows
us to represent our stochastic solution process parametrically through
a finite set of N random variables [17]. We define ©® = {0, (a))}j.\’:l
(N € N) to be a R¥-valued random array on a probability space
(2, A,P) with probability distribution Pg(df), where df =
dh,, ..., d0by is the Lebesgue measure on RV,

The solution that we seek is a spatial random process u of the
random event w € Q2. We can write

ux,w) ~u(x,0,,0,,...,0y) = h(x,0)

where h: §i—h(0) is a measurable mapping from RYi—R. In the
following, we will only consider second-order random fields, i.e.,
such that

E{flul?} = E{|lA(©)]1*} =AN 1h(®)]*Pe(df) < +oo (1)

where [E denotes the expectation.

We also assume that the components of @ are mutually
independent, thus building our approximation functional spaces with
tensor-product rules and writing the joint probability density
function (pdf) f as a product of the individual pdf, named f :

fo®) =]]re,6) 0))
j=1

However, the fo do not need to belong to the same type of
distribution (cf. mixed distributions).

1. Probabilistic Collocation Method

Collocation methods for the solution of differential and integral
equations are based on polynomial interpolations of the solution. The
probabilistic collocation method was first introduced by Tatang et al.
[18] and has also been described by others [17,19]. In this ap-
proach, a nodal set of N. + 1 collocation points is defined in the
N-dimensional random space I' € RY, where

N
FEnFj
j=1

and I'; = 0,(R2). After collocation projections, the resulting set of
deterministic equations is always uncoupled. The solution for each
collocation point of the set is obtained via the deterministic solver.
The solution up is approximated by interpolation on the data points
using multidimensional tensor-product Lagrange basis:

N,

up(x,®) = l_[(u(x, 0)) = Z u(x, z;)L(©)

k=0

zvel Q)

where the z;, are the collocation points, and the Lagrange
polynomials satisfy L;(z;) = §;; for 0 < i, j < N.. The complexity
of the Lagrange basis (for N > 1) makes it difficult to extract
realizations or generate the pdf of the random process. That is
why most of the research work focuses mainly on the solution
moments, which requires only integrating those Lagrange interpo-
lation polynomials:

Ne

Blup(x.0)) =Y u(r.z) [ LiOSo@®)d8 @

k=0

which can be quite cumbersome for large N, unless one chooses the
nodal set of collocation points to be a set of cubature points [17]. Soin
practice, the moments are not available for any given choice of
points. Another drawback is the interpolation error of Eq. (3), which
is hard to control, because uniformly bounded by a quantity that
depends on the choice of the nodal set. Finally, it should be
mentioned that if no particular care is taken to construct the space of
approximations, the method is likely to suffer from the “curse of
dimensionality” [19].

2. Stochastic Spectral Projection Method

In this study, we choose to rely instead on the gPC framework [20],
which is a generalization of the original homogeneous chaos
introduced by Wiener [21] and later developed by Ghanem and
Spanos [22] in the context of finite elements.

We consider the following multivariate orthogonal polynomials
that are built as tensor products of univariate orthogonal polynomials
along each random dimension with respect to the probability
measure Pg(df):

¢a(0) = ¢al(91) X ® ¢aN(9N)

Here, & = (@, ...,ay) € NV represents a set of multi-indices. We
define the length of & with the following norm: |e| = «; + - - - + .

The family of polynomials with total degree not greater than P,
i.e., {¢,(0)/|x| < P},and orthogonal with respectto P (df), thatis,

E{¢y(©)¢4(0)} = E{¢3(©)}3,p ®)
are used as a basis of the gPC representation of u,
u(x, 0) = Y iy (x)¢4 () ©)
aeNV

with its deterministic coefficients computed from
i (x) = E{u(x, ©)¢,(0)}/E{¢5(©)} fora e NV (7)

In practice, the order P is chosen based on accuracy requirements.
The multi-index a can be renumbered with a unique index and the
cardinality of the corresponding set is given by
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_(N+P
o= ("2")
The gPC representation with Q terms reads
0-1
u(x,®) = " ii;(x)¢,(®) ®)
=0

This method is nonintrusive in the sense that we perform a Galerkin
projection of the stochastic solution directly onto each member of the
orthogonal basis. It has the advantage of not requiring modifications
to the existing deterministic solver. The evaluation of the unknown
coefficients is equivalent to computing multidimensional integrals.
In our case, the gPC coefficients are evaluated through numerical
quadrature that will be described in the next section.

It is worth mentioning that the optimal choice of the gPC basis
remains an open question. Indeed, the type of distribution of the
stochastic partial-differential-equation solution is not known most of
the time. When the random input distribution is known, one can
choose the corresponding polynomial from the Askey family as the
gPC basis [20]. However, the optimality is only guaranteed for the
stochastic inputs. In particular, for nonlinear problems, it is not clear
that an optimal representation of the inputs is necessarily optimal for
the entire problem. Numerical accuracy of the final representation is
assessed in Appendices A, B, and C. In particular, the interplay
between the stochastic and the spatial discretizations are addressed in
those sections.

Once the modal coefficients are computed, moments, sensitivity
analysis, confidence intervals, and pdf of the solution can be
evaluated. Because of the orthogonality of the modes, the moments
can be easily computed. For instance, the computation of the
covariance R, between two random fields u(x, ®) and v(x, ®)
becomes

Ry (x1.%5) = E{u(x;, ©) — E{u(x, @)}, v(x,, ©)

0-1
—E{o(x,, @)} = Y it;(x))0;(x,) E{¢?} ©)
j=1

The sensitivity analysis is carried out by means of the analysis of
Sobol’s coefficients [23]. The computation of these coefficients
becomes trivial when the stochastic solution is decomposed onto its
associated gPC basis. In this case, the hierarchical nature of the gPC
representation is another advantage compared with the Lagrange
interpolation. Concerning the computation of the pdf of the response,
several approaches are conceivable. One simple way to proceed is to
generate a large population sample since Eq. (8) involves only
algebraic evaluations with little computational cost. An histogram of
these data can then be built. A variant that produces smoother
distributions is the kernel-smoothing density estimate [24] that we
use in this study.

B. Numerical Implementation

In this work, due to the choice of uniform and/or truncated
Gaussian distributions for the inputs and without any a priori knowl-
edge of the outputs pdf solution, appropriate basis functions from a
mathematical point of view are the Legendre polynomials (uniform)
[20], the Jacobi polynomials (beta) [25], or the Legendre—Jacobi
mixed polynomial basis.

1. Standard Gauss-Quadrature Formula

Different ways of dealing with high-dimensional integrations of
Eq. (7) can be considered, depending on the prevalence of accuracy
versus efficiency [26]. An accurate approximation consists of
numerical Gauss-quadrature evaluated for some chosen points, but
this approach is too costly for large N. An alternative is sparse
quadratures [27], which require less quadrature points. The sparse
quadrature based on the Smolyak algorithm [28] has the advantage of
remaining accurate, with a convergence rate depending weakly on N.

However, the standard isotropic version, such as the Smolyak—
Clenshaw—Caurtis, does not perform well for anisotropic problems,
i.e., when the solution is more sensitive to one of the random
dimensions, which is the case in this study. We prefer to use
numerical quadratures of Gauss type by full-tensor products, as our
number of random dimensions is small (at most, N = 2). Based on
polynomial accuracy, we use a minimum number of (P + 1)
quadrature points for the estimation of all Q coefficients.

2. Extended Gauss-Quadrature Formula

The numerical cost of the Gauss quadrature is related to the
number of collocation points of the one-dimensional grids before the
tensorization. When the grid is refined, one would ideally like to keep
the previous simulation results in order to improve the prediction.
Unfortunately, this is not achievable with traditional Gauss quadra-
tures, for which successive grid levels do not share any collocation
points. One way to optimally enrich our collocation grids is to
consider nested one-dimensional grids.

For one-dimensional integration, Kronrod [29] has proposed to
extend a n,-point Gauss-quadrature rule by interlacing m, = (n, +
1) new points with positive weights. The degree of polynomial
exactness of the (n, + m,)-point integration rule becomes p =
3n, + 1 (foreven n,) and p = 3n, + 2 (for odd n,). Patterson [30]
has generalized this approach by a recursive expansion of Kronrod’s
[29] scheme. In the following, the computation of the additional m,,
Kronrod quadrature points location for a given initial n,-Legendre
points grid, as well as the computation of the corresponding
weights, are obtained via Laurie’s algorithm [31] and Gautschi’s
implementation [32].

For multidimensions, it is interesting to compare the cost of
Kronrod grids obtained by full-tensor products with the standard
Gauss-quadrature grids. Let us consider the case at integration level /,
where we have already performed N! = (n,)" (with n, even)
simulations and wish to refine our quadrature grid. When building a
Kronrod grid by adding m, points along each direction, the addi-
tional cost at the new stage becomes

NIt = (n, 4+ m)" — N, = @2n, + 1) —nl

This guarantees a polynomial degree of exactness of p = 3n, + 1.
The same accuracy can be obtained by performing simulations on a
completely new standard Gauss-quadrature grid with N/T!' =
(Bn, +1)/2 + 1)" points.

In Table 1, we determine the prevalence in terms of cost of
Kronrod-vs-Gauss types of quadrature enrichment in N = 1 and 2
dimensions. We conclude that if Kronrod is always less expensive in
N =1, thenin N = 2 dimensions, it is less expensive or comparable
for n, <3. For N > 2, the Kronrod grid is not a good choice
anymore. For higher dimensions, it is in fact more efficient to
construct the Kronrod grid with a sparse collocation technique such
as the Smolyak algorithm [33].

III. Stochastic Transonic Flows Past an Airfoil

In this section, the nonintrusive stochastic collocation formulation
is applied to the propagation of several aerodynamic uncertainties
through a transonic steady flow around a NACAQ012 airfoil. The
CFD solver that is used to compute the deterministic flow solutions is
described in Sec. IILLA. The stochastic analysis with combined
effects from freestream Mach number and angle of attack is presented

Table 1 Additional cost, i.e., number of additional quadrature
points to add to an existing (nq)N -point grid, in order to reach a
polynomial accuracy of p = 3n, + 1 (here, n, is even)

Dimension Gauss Kronrod n, range*
N=1 I, +1) n, +1 n,>0
N=2 3(n, + 1) 3(n, + 1D)* +2(n, + 1) n, <3

“Denotes the n, bound for which the Kronrod approach is less expensive.
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in Sec. [I.B, with empbhasis to the presentation of the stochastic flow
model, the analysis of the results obtained for uniform random
distributions, and the extension to nonuniform distributions.
Appendices A, B, and C are devoted to the discussion of spatial and
stochastic requirements and convergence analysis of the gPC
formulation.

A. Deterministic Flow Computations

The deterministic steady-state flow solutions are computed using a
Favre-Reynolds-averaged Navier—Stokes solver and a near-wall
wall-normal-free Reynolds-stress model (RSM) [34,35]. The
governing equations are discretized using a O(Ax?) finite volume
upwind-biased MUSCL scheme, and the time integration is based on
an implicit dual-time-stepping procedure with alternating-direction
implicit subiterations [36]. This solver has been validated for various
steady and unsteady flow configurations [34,36,37] and is particu-
larly suited for the parametric computations involved in this study.
All computations performed in this work were obtained using the
following Courant—Friedrichs—Lewy (CFL) numbers: CFL = 100
for the time step and CFL* = 10 for the dual pseudo time step. The
number of subiterations is chosen dynamically, based on the reduc-
tion of the error between two subiterations by a factor ryr = 1.5. A
complete description of the pseudo-time-implicit dual-time-stepping
algorithm can be found in Chassaing et al. [36].

The computational mesh is based on a structured O-grid with 301
grid points around the airfoil and 151 points in the radial direction
[37]. The chord of the airfoil is ¢ = 0.1 m and the far-field boundary
was placed at a distance d = 20c from the airfoil. The minimum
nondimensional grid spacing at the wall is y;; < 0.3. A geometric
progression ratio of r; = 1.35 is used to stretch the computational
grid in the radial direction, and the geometric progression ratio used
near the leading edge and the trailing edge are, respectively, r;
1.16 and r;, = 1.3. At the far field, the total temperature was im-
posed to T, = 280 K and the total pressure was imposed to p, =
382,197.9 Pa. The turbulence intensity 7, and the turbulence-
length scale {r_  were, respectively, set to T, =0.8% and
KToo =0.1 m.

B. Combined Freestream Mach Number and Angle-of-Attack
Uncertainties

1. Stochastic Flow Model

In this study, the stochastic flow model is based on the uncer-
tainty propagation of two random disturbances associated with the
angle of attack o and the freestream Mach number M. These two
parameters were selected because they are classically used in the
context of robust design of airfoils. It is obvious that from the point
of view of aeroelastic investigations, the choice of these uncorrelated
variables results in a crude model, since no aeromechanical coupling
is assumed.

A critical point that arises when dealing with uncertainty quanti-
fications is how to model the uncertain parameters by carefully
choosing the support of theirrandom distributions. Although different
distributions for different parameters are not incompatible with the
gPC formulation, we prefer to first consider uniform distributions for
both parameters. This choice means that we do not favor any particular
parametric value within the domain of interest. Moreover, the choice
of a uniform distribution is justified, as it is the maximum entropy
distribution for any continuous random variable on an interval of
compact support. In other words, an assumption of any other prior
distribution satisfying the constraints will have a smaller entropy, thus

containing more information and less uncertainty than the uniform
distribution [38]. Hence, considering ® = [0, (w), O,(w)]", where
®, and ®, are associated with o and M, respectively, any aero-
dynamic variable ¢g(x, ®,, ©,) is then approximated with the gPC
representation by the following expansion:

0-1
q(x,0,,0,) :Z(}j(x)qu(@l»@z) (10)
=0

J

The input random variables are defined with their mean values x and
standard deviations o

o= [y + 0,0, My =y, + 0y, 0 (11
The corresponding standard deviations of the uncertain parameters
are 0, = | degand oy, = 0.05. The range of « is representative of
typical amplitudes of static deformations observed on flexible wings
with a NACAOO12 section at similar operating points [39,40]. The
variation interval of the freestream Mach number (M, = 1y =+
0.05)isrelevantto typical operating ranges used for the study of robust
shape optimization problems [41,42]. In the present study, a para-
metric stochastic analysis was conducted using different mean values
of the uncertain parameters o and M. These conditions are reported
in Table 2. As a consequence, the global parametric range covered by
the four stochastic flow regimes corresponds to2 deg < o < 6 deg
and 0.5 < M, < 0.7. The corresponding Reynolds number range is
4.1x10° < Re <5.2 x 10°.

The first configuration (namely, case A) corresponds to highly
subsonic flow conditions at low incidence (u, =3 deg and
My, = 0.55). The next two stochastic operating ranges (case B and
case C) are likely to include shock wave effects at moderate angle of
attack (case B, u, =5 deg, and p,, = 0.55) or at higher Mach
number (case C, , =3 deg, and = 0.65). Finally, case D
(g =5 degand ), = 0.65), is likely to include flow realizations
with a separated shear layer on the suction side of the airfoil in
addition to shock waves. Each stochastic computation was per-
formed using n, = 8 Gauss—Legendre quadrature points per random
dimension. The corresponding stochastic n, X n, grids of the
uncertain parameter space (o, M) are shown in Fig. 1.

Note also that because we are interested in steady flows only, the
airfoil is not subject to forced or self-sustained aeroelastic motions
such as flutter. Furthermore, we have checked that the present
operating range excludes the buffet boundary of the NACA0012
airfoil identified experimentally by Bartels [43] for the same range of
Reynolds numbers (Fig. 1).

2. Analysis of the Stochastic Flows for Uniform Distributions

The physical analysis of the stochastic flow response is now
presented. The following results were obtained using a seventh-order
gPC expansion (i.e., P = 7). We refer the reader to Appendices A, B,
and C for the motivation behind this choice.

The first two statistical moments of the lift and drag forces are
summarized in Table 3 for the four stochastic flow regimes depicted
in Table 2. Here, the mean and the coefficient of variation (COV=
o/p) of the lift-to-drag L/D ratio are chosen as representative
indicators of the global aerodynamic performance of the airfoil. One
may note in Table 3 that the stochastic conditions of highest
efficiency (case C, « =3 deg and M, = 0.55) correspond to the
lowest sensitivity level of L/D due to the input uncertainties. As
expected, case D (@ =5 degand M, = 0.65) exhibits the minimum

Table 2 Characteristics of the studied stochastic flow regimes based on uncertain angle of attack and
freestream Mach number

Case Iy, deg 0,, deg 0, Ky,  Oum, 0, Dominant flow regime
A 3 1 Uniform 0.55 0.05 Uniform  High subsonic

B 3 1 Uniform 0.65 0.05 Uniform  Transonic

C 5 1 Uniform 055  0.05 Uniform  Transonic

D 5 1 Uniform 0.65 0.05 Uniform  Transonic with separation
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® case A :l, =3 deg,u, =0.55
% case B :u, =3 deg, u, =0.65
O case C:p, =5 deg, u, =0.55

case D : U, =5 deg, ,u;c =0.65
—+— buffet boundary (Bartels [35])
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Fig. 1 Gridding of the aerodynamic (a, M) parameter space corresponding to the four stochastic flows described in Table 2 and buffet boundary of the
NACA0012 airfoil [43]. The computational grid totals up to 4 x 64 RSM-RANS simulations.

value of (7 /p, but in conjunction with the highest variability level,
therefore making it the most challenging case.

Figure 2 shows the mean and the standard deviation of the Mach
number computed for case D. The mean Mach number field is
illustrated in Fig. 2a. We note that shock discontinuities are smoothed
out due to the uncertainty. It then becomes impossible to distinguish
the discontinuities associated with the shock waves, resulting in
substantial modifications of the mean value of the solution.

The sensitivity of the shock response to the input uncertainty is
confirmed by the examination of the variance of the Mach number
03, as shown in Fig. 2b, in which important variations are observed
on the upper side of the airfoil for 1 /6 < x/c¢ < 1/4. The maximum
of 0, is located near the airfoil surface around the first quarter of the
chord. This uncertain region is related to the effects of the aero-
dynamic nonlinearities associated with the interaction between the
shock wave and the turbulent boundary-layer. However, one can also
note that the edge of the turbulent boundary layer is sensitive to the
input random parameters, but no variations are observed either on the
pressure side or in the wake of the airfoil. Since we use a nonintrusive
¢PC formulation coupled with a RSM-RANS solver, the prediction
of the stochastic response of the turbulent field is straightforward. It
can be seen from Fig. 3 that the regions of sensitivity of the tur-

bulent field strongly differs between the normal Reynolds-stress

components u”u” and v"v".

Next, the stochastic results were analyzed by means of the
uncertainty bars of the isentropic Mach number M, distribution
along the airfoil surface:

2 %
Mis(p,p,w)=\/ﬁ[(”7x) —1] (12)

where p denotes the static pressure. Figure 4 displays the M,
confidence intervals for each stochastic flow regime. Both standard-
based confidence intervals and full confidence intervals are included.
Full confidence intervals coincide with the supports of the pdf of the
response (pdf results are presented next). For the sake of clarity, only
the distributions along the upper airfoil surface are presented.

One may note from the results of case A that the maximum M
mean value on the airfoil is 1, = 0.9, and all flow realizations within

Table 3 Statistical moments (mean and standard deviation)
of the lift and drag forces and (mean and coefficient of
variation: COV = o/ ) of lift-to-drag ratio C;/C, obtained
for the four stochastic flows described in Table 2

Case p ., N o (N) wup, N op, N ey, COVec, %

A 2651 592 70 7 37.6 15.6
B 3847 825 106 30 36.9 14.2
C 4397 678 88 18 50.5 6.8
D 5989 628 229 102 30.3 329

the interval w,, & 0,, correspond to subsonic conditions. However,
this is not the case if we look at the full interval of confidence, which
includes transonic flow realizations (with shocks up to M;; = 1.19)
as well. As already observed by Loeven et al. [7], the flow region
characterized by an important level of variation is located on the
upper surface of the airfoil near the leading edge. We note that for this
case, the position giving the highest flow sensitivity level coincides
with the position of the maximum value of 1), (x/c = 0.02). After
this position, the amplitude of the error bar decreases smoothly down
to the trailing edge. Keeping the range of the freestream Mach
number (0.5 < M, < 0.6) unchanged but increasing the angle of
attack up to o =5 deg results in much larger variations of the
stochastic flowfield, as shown in Fig. 4 (case C). Consequently, the
statistical response of the isentropic Mach number on the airfoil
surface is now clearly separated into two distinct regions:

1) The flow on the part of the airfoil limited by x/c < 0.2 is
characterized by an important sensitivity to the uncertain conditions.
These large variations can be attributed to the nonlinear effects of the
shock wave. In this case, note that the position of the maximum value
of j1y, located at x/c = 0.03 does not coincide with the maximum
of oy, .

2) For x/c > 0.2, the influence of the shock wave on the stochas-
tic field vanishes and the amplitude of the error bars becomes
comparable with those obtained for the subsonic configuration
(Fig. 4, case A).

A quite different uncertainty-bar distribution is observed in the
results of case B (o =3 deg, M, = 0.65). The region affected by
high variabilities extends up to x/c¢ < 0.4, which is approximately
twice further than those obtained for case C (¢ =35 deg and
M, = 0.55). Finally, the region of sensitivity computed for case D
(¢ =5 deg and M, = 0.65; Fig. 4, case D) is relatively similar to
those obtained with 1, =5 deg (case C). A possible explanation is
that when the flow is dominated by a separated shear layer, the sto-
chastic motion of the shock wave in the direction toward the trailing
edge is restrained by the separation bubble for which the position of
the separating point is practically independent of the angle of attack.

Richer statistical information is obtained by considering the pdf of
the solution, which was computed using 10,000 samples. Figure 5
shows the normalized pdf of the isentropic Mach number on the
suction side of the airfoil for the different stochastic flow conditions.

The pdf contours are normalized at each streamwise location such
that the maximum probability density is always unity. This is done
because we are more interested in the distribution of the strongest
gradients and most probable solutions than in the pdf amplitudes.

Keeping in mind that the aerodynamic uncertainties on o and M,
were modeled using uniform random distributions, it is interesting to
note that the pdfs of the stochastic solution are not uniform in some
regions. This is the signature of the system nonlinearity. Considering,
for instance, the results of case A (@ =3 deg and M, = 0.55), we
remark that uniform pdfs of the flow response are only observed for
x/c>0.5. but not for the upward region, which presents large
variations of the stochastic solution.
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b) Mach number: 6,

Fig. 2 Mean and variance of the Mach number field computed from a sixth-order gPC expansion (case D, u, =5 deg and p,, = 0.65).
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a) Variance: u'’u’’

0.00 . 185. 278. 370. 463. 555. 648.
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b) Variance: v''y

Fig. 3 Variance of the Reynolds-stress components computed from a seventh-order gPC expansion (case D, u, =5 deg and py, = 0.65).

At transonic conditions (Fig. 5, case B and case C), the pdf of M,
can lead to very complex distributions in the regions characterized by
nonlinear effects. More surprisingly, it can be clearly observed in the
results of case D (@ =5 deg and M., = 0.65) that the pdf of M;,
exhibits a double peak around the position x/c¢ = 2.2. The existence
of a such bifurcation is probably due to the combined effects of the

case A: U, =3 deg, yy =0.55

[ case C: ty =5 deg, 4 =055 |

B -1 mean+ STD
+———— full confidence

shock wave and the separated shear layer. Contour plots for cases B
and C hint at a somewhat similar jump in the solution, with a most
probable value quickly switching from a larger to a lower value. This
phenomenon takes place at around x/c &~ 0.12 for case B and at
around x/c¢ & 0.05 for case C. Note also that the distribution of the
pdf near the trailing edge of case D is slightly modified compared

case B: Uy =3 deg, Hy =0.65

o
-

| caseD: My =5deg, Hir =065 |
1.6 T

0.2 0.4 0.6
x/c

Fig. 4 Steady-state isentropic Mach number M;, statistical distributions along the upper NACA0012 airfoil surface. Both standard-based and full

confidence intervals are represented together with the mean distributions.
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Fig. 5 Steady-state isentropic Mach number M;, pdfs along the upper NACA0012 airfoil surface.

with the previous cases. It must be noted that the streaks observed for
case B at around x/c & 0.3 and for case C at around x/c ~ 0.1 are
strongly accentuated due to the rendering of the contour plots on
irregularly spaced grids.

Figure 6 shows the confidence intervals and statistics of the skin-
friction coefficient C; along the upper airfoil surface. We observe
that the distribution of C; computed for the subsonic configuration
(case A, ¢ =3 degand M, = 0.55) is quite insensitive to the input
uncertainty. Nonetheless, at higher freestream Mach number (Fig. 6,
case B) or angle of attack (Fig. 6, case C), the confidence interval in
the predictions of C; presents larger variations, particularly along the
windward part of the airfoil. These regions of high sensitivity are

case A:ll,= 3 deg, [ty = 0.55

| case C: fl,=5 deg, ity = 0.55
0.012 ‘ \ \

........ deterministic lower bound
deterministic upper bound
- gPC: mean values
——— gPC: all possible values
2 -t mean = STD

0.01
0.008

i
0.006 &

S 0.004

0.002

0+
-0.002 - B

-0.004 ‘ ‘ ‘ ‘
0

similar to those observed on the stochastic distributions of M
(Fig. 4). Again, it appears that the results of case D (¢« =5 deg and
M, = 0.65) exhibit the largest variations to the stochastic flow.
Another important aspect of the propagation of several uncer-
tainties is to be able to monitor possible coupled effects between the
random parameters onto the stochastic response of the system. In the
following, we investigate this coupling by means of computing
Sobol’s coefficients [23]. Those coefficients can be seen as partial
variances of M, associated with the uncertain parameters o and M .
Figure 7 shows the sensitivity indices (expressed here in the form
of standard quantities) for the four different cases. The results of
case A show that the individual contributions of each random

case B: fi,=3 deg, 1ty = 0.65

| case D: 1= 5 deg, i1y, = 0.65
0.012 :

:
0.01
0.008
0.006

- 0004 £
0.002
0

-0.002

-0.004 ‘ ‘ ‘ ‘
0

Fig. 6 Steady-state skin-friction C; statistical distributions along the upper NACA0012 airfoil surface. Both standard-based and full confidence

intervals are represented together with the mean distributions.
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case A: li,= 3 deg, 1y, = 0.55
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case C: i, =5 deg, i1y, = 0.55
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0.4 0.6 0.8 1
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Fig. 7 Steady-state isentropic Mach number M, sensitivity indices along the upper NACA0012 airfoil surface.

variable associated with « and M, have the same order of magnitude
but act at different locations along the airfoil surface. In this case, the
coupling between the two uncertainties is insignificant. The balance
in the contribution of each random variable on the resulting total
variance is quite different for cases B and C. It appears that the total
variance of M;, is mainly dominated by the flow sensitivity to the
freestream Mach number (Fig. 7, cases B and C). Moreover,
the contribution of the cross terms associated with the coupling of the
uncertainties becomes notable, as a consequence of the nonlinear
effects. The results of case D (@ =5 deg and M, = 0.65) confirm
that the sensitivity of the stochastic flow to the freestream Mach
number is mainly driven by the variabilities due to M;,. The influence
of the partial variance due to the cross term ®,®, has the same order
of magnitude as those observed for case B and case C, but it covers a
larger part of the airfoil (approximately 25% of the surface).

Finally, it is interesting to analyze how the stochastic distributions
of C, and C; vary together on the upper surface of the airfoil.
Figure 8 presents the results of the covariance R ¢, [Eq. (9)] for
case D. The region where the stochastic distributions of C,, and C,
are highly correlated ranges mainly from the leading edge up to the
midchord of the airfoil (0 < x/c¢ < 0.5). One can also observe that
both negative and positive values of R, ¢, are obtained. Therefore,
the skin friction at a particular location x;/c and the pressure
coefficient at x,/c can vary together or in an opposite manner. For
instance, it appears that the stochastic values of C,, and C between
the leading edge (0.04 < x/c < 0.06) and the region defined by
0.2 < x/c¢ < 0.4 are correlated in the same way. Consequently, when
one of these two variables is above its expected value, then the second
variable will be above its expected value too. A similar behavior is
observed for the region defined by 0.2 < x/c¢ < 0.4. However, this
region is bounded by two additional regions with negative R¢,c;-
This means that when one of these variables is above its expected
value, the other variable tends to be below its expected value.

As a concluding remark on the physical analysis performed in this
section, we note that uniform distributions of uncertain angle of
attack and freestream Mach number lead to nonuniform distributions
of the aerodynamic coefficients C,, and C; on the airfoil when the
nonlinearities associated with the compressible flow features are
reported in the uncertain probabilistic space. In this case, the cou-
pling between these uncertainties becomes nonnegligible (especially
forcase D, =5 degand M, = 0.65). In addition, the study of the

cross-correlation between C, and C; shows that it is possible to
identify particular regions on the airfoil surface for which these
coefficients may vary together or separately.

3. Extension to Nonuniform Mixed Distributions

Here, the impact of nonuniform distributions on the stochastic
flow is investigated. The gPC representation has the capability of
representing random functional processes for which the underlying
random variables have different distributions. Spectral convergence
of the gPC representation based on mixed basis was demonstrated for
simple stochastic ordinary differential equations [44] (these results
are not presented here). In the following, test cases with mixed
random distributions are considered. We choose to keep a uniform
distribution for « and to assign a truncated Gaussian distribution f,;
to M. The latter distribution resembles a Gaussian distribution but

x 1074

Xy/c

01 02 03 04 05 06 07 08 09 1
xy/c

Fig. 8 Cartography of the covariance between the stochastic
distributions of the pressure coefficient and the skin-friction coefficient
on the upper NACA0012 airfoil surface (case D).
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bears truncated tails. Although Gaussian distributions seem a natural
choice when the nature of the actual random inputs is unclear, trun-
cated Gaussian distributions are convenient to ensure that negative
values of the M, have zero probability of occurrence, i.e., the
problem is not ill-posed.

Starting from case D (1, =5 deg and j,,_ = 0.65), we have
performed n2 =8 x 8 additional stochastic computations to
highlight the effect of the truncated Gaussian distribution

fic(y, =0.65,0y  =0.05,a = nn}in ~05,b= max ~ 0.8)

for M;,. For the comparison to be fair, the mean and standard of the
random parameter are taken the same as previously, whereas the
bounds of the distribution (a, b) are accurately adjusted to match
the imposed moments and shape of the distribution. Following the
method proposed by Xiu and Karniadakis [25], we approximate the
fic distribution by a pth-order gPC expansion of Jacobi-type
polynomials P‘;‘ﬂ of a beta(a, B) distributed random variable. Based
on our choice of quadrature, we have found that « =8 and B =8
matches the f,; distribution best. For a p = 7th-order gPC Jacobi
expansion, we have no error in the mean of the distribution and an
absolute error in variance of the order of 10~7. The optimal nodes and
corresponding weights associated with the beta(a =8, =38)
distribution are computed with a Gauss—Jacobi quadrature rule. The
hybrid gPC polynomial basis is constructed by tensor products of
Legendre and Jacobi polynomials, following the same guidelines as
the classical approach with a unique polynomial family.

The results are analyzed by means of the variance of M| along the
upper surface of the airfoil (Fig. 9). We also consider a fully Gaussian
representation of M, for the sake of comparison. In this case, the
mean value is kept the same (i, _ = 0.65), and the standard
deviation of the parameter is tuned to assign very low probabilities to
negative values of M. Figure 9 (left) compares the distribution of
variance of M;, along the extrados for the three different measures.
We note that the injection of truncated Gaussian uncertainty into M .,
provides results similar to the previous ones, with a somewhat
slightly larger variance in most of the region of interest. The obtained
curve is less symmetric than the uniform case and bears a similar
shape to the fully Gaussian case. The location of the maximum peak
remains unchanged for all cases. The inspection of the M, pdf
profiles at one specific location along the chord (x/c¢ = 0.25) shows
that the bipolar trend of the solution probability distribution at this
location subsists despite the input Gaussianity (Fig. 9, right). We
have checked that the pdf for the truncated Gaussian case has a
bounded support, as expected. We note that intermediate values of
the response, around M;; ~ 1.2, have more chance to appear than in
the uniform case. These values will in fact become more dominant, as
the standard deviation of the Gaussian-like M, will be reduced.

IV. Conclusions

In this study, a stochastic spectral projection solver based on
generalized polynomial chaos expansions was applied to the uncer-
tainty quantification of stochastic compressible flows around a
NACAOQ012 airfoil due to random freestream Mach number and
angle of attack. Simple stochastic models were considered in which
the freestream Mach number and the angle of attack are represented
by independent random variables with bounded supports and uni-
form and/or truncated Gaussian measures. Since the stochastic
solution is directly projected onto each member of the orthogonal
basis chosen to span the random space, this method has the advantage
of being nonintrusive. Therefore, the stochastic solver was easily
coupled with a RSM-RANS deterministic code to extract statistical
informations of both the mean flow and the anisotropic turbulent
field. The projection step is equivalent to computing multidimen-
sional integrals over the support of the random input probability. In
this work, the low stochastic dimensionality of the problem allows
numerical quadratures of Gauss type (by full tensor products) to be
used to evaluate these integrals.

A careful error analysis of the global representation based on the
number of solution samples and the polynomial order at use has
allowed a better understanding of the coupling between aliasing
error, finite-term projection error, and the numerical error related to
the intrinsic numerical approximation of the deterministic solver.
Monitoring of pressure and skin-friction coefficients moments along
the surface of the airfoil has shown fast convergence rates for global
aerodynamic quantities (e.g., lift and drag coefficients) and local
quantities such as the isentropic Mach number and the pressure
coefficient. Nonetheless, the accuracy of the approximation remains
acceptable for derived quantities that are more sensitive to numerical
noise, such as the skin friction. It must be noted that for the parametric
stochastic ranges of interest, this methodology did not suffer from
any lack of robustness, despite strong nonlinearities (due to the shock
waves) and a recirculation zone present in the stochastic solution.

As far as the physical aspects are concerned, this study was
focussed on the potential importance of dealing with combined angle
of attack and freestream Mach number uncertainties. Their conse-
quences on the resulting stochastic flow were demonstrated using a
detailed sensitivity analysis conducted with the computation of
Sobol’s coefficients. This analysis confirmed that the uncertainty
present in the freestream Mach number is the driving mechanism in
the resulting probability density function of the stochastic aerody-
namic field. Nonetheless, once the mean position of the shock wave
is constrained by the existence of the separated shear layer, the
probability density function of the solution may exhibit a bifurcation
corresponding to a jump in the solution, with a most probable value
quickly switching from a larger to a lower value.

The impact of nonuniform mixed distributions on the stochastic
flow was also investigated. A truncated Gaussian distribution for the
freestream Mach number was considered and the results were

M.. : truncated gaussian (Gy;_= 0.05)
.. M_: uniform (Gy_=0.05)
M_: gaussian (G, = 0.029)
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Fig. 9 Comparison of the effect of uniform, Gaussian and truncated Gaussian random distributions of M, with p,, = 0.65 onto a,%,,is along the upper
surface of the airfoil (left) and corresponding pdf computed atx/c = 0.25 (right). The angle of attack is modeled using a uniform distribution identical to

the one defined in case D.
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qualitatively similar to the results obtained for uniform distributions,
with a predominance of the freestream Mach number uncertainty
onto the solution variability.

The results presented in this study aim to demonstrate the relevant
capabilities of the pseudospectral stochastic representation for uncer-
tainty quantifications with viscous steady shocked flows. Because of
its high accuracy in the representation of the solution statistics at
relatively low computational cost, this approach combined with the
development of efficient adaptive sparse quadrature procedures
represents a promising tool for the development of robust shape
design methodologies.

Appendix A: Preliminary Error Analysis

The global error of the stochastic projection gPC representation
can be seen as a superposition of an aliasing error (coming from the
interpolation related to the numerical quadrature), a finite-term
projection error (due to the truncated gPC representation), and a
numerical error due to the intrinsic numerical approximation of the
deterministic solver. In this context, classical assessment of numeri-
cal accuracy of the method through convergence analysis becomes
intricate. When studying stochastic approximations, it is common
sense to wish the numerical errors associated with the deterministic
solver to be independent and of smaller magnitude than the other
errors. In the following, we will try to show with an example followed

15p T T T T T T
E realizations
— — .Mmean (nq;’i)

. =.— Mmean (nq=8)
mean (nq=8+9)

09f

08k

0.7

06 - N N N N N
0 0.1 0.2 03 0.4 05 06 07
x/c

by some explanations that it is better to handle sources of errors
of comparable magnitude. Then we will carry out a complete
convergence study for the four stochastic flow regimes investigated
in the paper.

Here, we conduct a preliminary study on the accuracy of the
present gPC formulation on a simplified model that is drawn from the
configuration of case D by considering the angle of attack as
deterministic (0« = 5 deg). The freestream Mach number is modeled
as a uniform random variable characterized by f,, = 0.65 and
oy, = 0.05. This simple one-random-parameter study is relevant, as
it is more stringent on the numerical representation than a two-
random-parameter study. Indeed, we will see that uncertainty in the
angle of attack introduces additional smoothing to the solution sta-
tistics, due to data scattering.

Stochastic results computed using Gauss—Legendre (GL) quadra-
ture with n, = 8 points are compared with those obtained with a
Gauss—Kronrod (GK) quadrature rule [31]. The GK rule only
requires the computation of n, + 1 additional points, compared with
the GL grid, i.e., nine new runs in the present case.

Figure A1l presents a comparison between these two approaches
on the computation of the mean of p,, and e, over the airfoil
extrados. The accuracy of the mean solution only depends on the
aliasing error via n,, and the spatial discretization error. In addition,
the figures display the different realizations (corresponding to the GL
and GK points) as well as the spatial grid. When the mean solution is

T
realizations

= — -Mmean (n =3)
. —.= Mmean (nq=8)
mean (nq=B+9)

Y T T R RN R

0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8

Fig. A1 Effect of aliasing error: realizations and corresponding mean profiles of u,, (left) and C; (right) for different quadrature levels (Gauss—
Legendre vs Gauss—Kronrod) (case D*,« =5 deg, uy_ = 0.65, and 0y, . = 0.05). Note that case D* is similar to case D but with deterministic angle of

attack.
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Fig. A2 Effect of truncation error: C, variance distribution along the extrados for different choices of gPC truncation (right) and convergence rates of
the solution variance (left) vs the polynomial order P (case D*, & =5 deg; ) = 0.65, and 0y, = 0.05).
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computed from the eight GL points or the (8 + 9) GK points, the
profiles are very similar and smooth. However, when one only uses
n, = 3 points, the results are disastrous, with strong oscillations
(stairlike profile) due to aliasing.

Next, we investigate the coupling between aliasing and truncation
errors by considering higher moments. Figure A2 presents results for
o%p and O‘ér. In this case, the accuracy of the solution variance
depends on the aliasing error via n,, the truncation error via P, and
the spatial discretization error. Assuming that the latter is of compa-
rable magnitude with the other two, we investigate the effect of n,
and P.

Figure A2 (right) shows the distribution of oép for different
combinations of quadratures and truncations. When the integration is
sufficiently resolved, as in the case of the GK quadrature with 17
points, the results are very smooth and P = 7th- or 12th-order
approximations (maximum polynomial exactness we can afford)
provide very similar profiles for the variance. Although it is clearly
visible that the increase of the quadrature accuracy (GL — GK)
notably improves the solution locally by suppressing the spurious
oscillations observed on the results of the seventh-order gPC expan-
sion (i.e., n, = 8), we conclude that the sensitivity of the stochastic
aerodynamic coefficients can reasonably be captured using a relative
smaller number of quadrature points.

Figure A2 (left) displays the relative error in variance based on the
best estimate (obtained for P = 12), as no other reference solution is
available (Monte Carlo solutions would be too costly for this level of
accuracy). Open symbols represent our computations, and the decay
rates are linearly fitted in a semilogarithmic scale (solid lines are oé
and dashed lines are Uc ). We note that we get close to spectral con-
vergence up to high order for both coefficients. The convergence rate
is similar for both quantities at the different locations, except for the
skin friction at x/c =0.2, for which the solution converges
somewhat slower.

In conclusion, the level of accuracy of our stochastic represen-
tation depends on the type of statistics and the choice of the physical
quantity under consideration as well as the spatial location at which
this quantity is monitored. Moreover, it seems that there exists a
coupling between deterministic and stochastic errors that interplays
through the two levels of discretization.

Appendix B: Spatial and Stochastic Grid Requirements

Some results from the literature suggest that global gPC approxi-
mation based on spectral projection is not appropriate in the case
of discontinuous or sharp solutions. In this case, the continuous
approximated solution may exhibit some oscillations, inducing
irregular and unphysical patterns in the spatial distribution of the
solution moments or pdf, e.g., stairlike profile for the mean solution
[7]. The location of these irregularities coincides with the collocation
points and is more notable for local physical quantity (such as Cf),
which is more sensitive to discretization errors.

Given a fixed spatial discretization grid of typical resolution size
Ax along the chord, the accuracy of the gPC approximation depends
on the choice of P and n,. Let us call p, = p(xs ,Z,) the value of
the discontinuous solutlon at the locatlon of the shock x, obtained
for the quadrature point Z, [cf. Fig. Al (left)]. When the numbern
of collocation points is not sufficient, it may happen that Ax, > Ax

and the problem described hereinbefore appears [12]. However,
several of our studies have shown that the profiles recover regularity
when we increase n, as Ax, — Ax. This is the case in Fig. Al
for sufficiently high n,. In the case in which Ax,, < Ax, one faces
aliasing error, as the Shocks are not assigned to the correct cell in
physical space. For some higher moments or pdf contours, some
oscillations may remain along the distribution (cf. Fig. A2 (right) for
n, =38 and P =7), but the right profile magnitude is generally
captured for a good (1, P) choice.

Itis generally difficult to predict the appropriate n,, as the average
Ax;, is not known a priori. The latter depends on the distribution of
the chosen quadrature rule as well as the sensitivity of the response to
the parametric uncertainty. This sensitivity relates to the span length
of the geometric envelop in which all probable discontinuous events
may take place. Nonlinearity of the model, monotonicity of the
response, and airfoil geometry will affect differently this range.

In conclusion, there exists a strong coupling between the
discretization in physical space and the stochastic grid in random
space. As aresult, refinement of the grid in one of the two spaces must
happen together within the other one.

Appendix C: Convergence Analysis of the Stochastic
Transonic Flow Representation

This Appendix presents a detailed convergence study for the four
stochastic transonic flow regimes based on uniform random distri-
butions of the uncertain angle of attack and freestream Mach number
(cf. Sec. I1L.B). Based on our previous analysis and considering our
level of confidence in the accuracy of the spatial discretization pro-
vided by the choice of our computational grid [37], we design a
stochastic grid that matches (in most situations) the requirement
described in the previous section. This choice also reflects the
computational bottleneck induced by the numerical cost related to
the uncertainty propagation. In this study, the number of quadrature
points is fixed to n, = 8 along each direction and is an appropriate
tradeoft between accuracy and computational burden.

First, the convergence properties of the global aerodynamic coeffi-
cient are presented. The relative errors of the lift-and-drag vari-
ances versus various polynomial order P are reported in Table C1 for
each stochastic flow regime investigated in Sec. IIL.B. Because we do
not have an exact reference solution to compare with, the error is
monitored as the normalized L, norm of the difference of a given
flow quantity between the stochastic solution of interest and that of
the most resolved computation (obtained using P = 7) that we pick
as our reference solution. Typically, we have seen that an increase
from P = 2 to 6 permits a substantial reduction of the truncation error
of the gPC expansion.

Next, the effect of the polynomial order P on the accuracy of the
¢PC formulation was investigated for the most difficult case, i.e.,
case D. Figure C1 shows the influence of the number of quadrature
points n, on the mean solution of the isentropic Mach number.

Although a relatively small number of quadrature points
(2 = n, < 4)issufficient to capture correctly the zero-order moment
of the solution, it is not sufficient for the 0.1 < x/c < 0.3 region
(Fig. C1, right). As explained previously, this is due to the fact that
this region is strongly affected by the aerodynamic nonlinearities
related to shock waves and that the stochastic quadrature grid is not
refined enough compared with the spatial resolution. It is then

Table C1 Relative error of the lift-and-drag variance versus the polynomial order P for the four stochastic flow regimes?

err;5(07) err;5(03)
P A B C D A B C D
2 2021E-5 2.383E -4 3.156E — 3 5.168E — 3 1.981E — 4 3.796E — 2 1.537E — 4 8.554E — 4
3 7.776E -7 1.963E — 5 2.249E -5 5.058E — 4 297TE -5 1.040E — 3 9.318E — 4 2.267E — 4
4 5.016E—-7 1.690E — 5 1.248E -5 7.946E — 5 1.940E — 5 4.663E — 4 1.978E — 4 S5.013E—-6
5 3455E-7 1.358E -5 1.987E — 6 4.551E -5 1.588E — 5 5.966E — 5 3973E -5 3.289E — 6
6 1.995E -7 5.042E -6 1.235E -6 2.592E -5 1.137E -5 8.405E — 6 2.434E -5 1.I12E—-6

“For case A, « = 3 deg and M, = 0.55; for case B,« =3 degand M,
M, =0.65.

=0.65; forcase C, =5 deg and M, = 0.55; and for case D, o = 5 deg and
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Fig. C1 Effect of the number of collocation points n, on the distribution of the mean value of M;; for case D, u, =5 deg and p,;_

0.2 T T T T T

2
GCP

x/c

0 0.1 0.2 0.3 0.4 0.5 0.6

08 1 1 1 1 1
0.1 0.15 0.2 0.25 0.3 0.35 0.4

x/c

= 0.65.

35 T T T T T

0.3 . . 0.6

Fig. C2 Influence of the polynomial order P on the pressure coefficient C, and the skin-friction C; variances along the airfoil surfaces (case D).

necessary to increase the number of collocation points per random
dimension up to 7, = 6 to obtain converged and smooth values of the
mean distribution of Mj,.

Next, the convergence analysis of the variance distribution of the
pressure coefficient C,, and the skin-friction coefficient C, along the
upper surface of the airfoil is presented. Figure C2 (left), which
shows the distribution of UC , reveals that the peak of flow variability
atx/c=0.281is adequately captured for P > 5.

However, we can clearly see in Fig. C2 (right) that a fully
converged representation of the Uc distribution is more problematic
to achieve. It is then necessary to increase the polynomial order up to
P =17 to get an almost-converged prediction of the variance of the
skin-friction coefficients. Note that, similar to the case discussed in
Fig. A2 (right), the use of a seventh-order gPC expansion does not
fully remove all nonphysical oscillations for 0.15 < x/c <0.3

10 T
107k
)
2107 E
«O
S
3
g o CP: x/c=0.2
107 | o Cixle=035 >
* Cp: x/c=0.7
o Cpx/e=02
10_4_ A Cf: x/c=0.35 A
> C#xk:O]
| I I L L . 1 .
2 25 3 3.5 4 4.5 5 55 6

Fig. C3 Convergence rate of the pressure coefficient C, and the skin-
friction C, variances with respect to P (case D).

(Fig. C2, right). Indeed, the skin friction is a very sensitive quantity to
numerical noise.

Figure C3 shows the convergence error of ogp and O’%f for
x/c =0.2,0.35, and 0.7. Open symbols represent the computations
and the decay rates are linearly fitted in a semilogarithmic scale (solid
lines are O’C and dashed lines are UC ). It is confirmed that the

convergence rates obtained for crc are better than those computed for
Uc, Moreover, we observe that the sensitivity level of the stochastic

flowfield (as shown, for instance, at x/c = 0.2 in Fig. C2, right)
results in some deterioration of the convergence rate. Convergence
rates are best when the solution is regular (e.g., x/c = 0.7).

With this error analysis, we have shown that our choice of physical
and stochastic discretization level, although being in part subject to
numerical cost constraints, provides a very accurate approximation
of global aerodynamic quantities (e.g., lift and drag coefficients) and
local quantities such as the isentropic Mach number and the pressure
coefficient. It has been observed that the accuracy of our approxi-
mation remains acceptable for derived quantities, which are more
sensitive to numerical noise, such as the skin friction.
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